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The effect of an hexagonal boron nitride (hBN) layer close aligned with twisted bilayer graphene
(TBG) is studied. At sufficiently low angles between twisted bilayer graphene and hBN, θhBN . 2◦,
the graphene electronic structure is strongly disturbed. The width of the low energy peak in the
density of states changes from W ∼ 5 − 10 meV for a decoupled system to ∼ 20 − 30 meV. Spikes
in the density of states due to van Hove singularities are smoothed out. We find that for a realistic
combination of the twist angle in the TBG and the twist angle between the hBN and the graphene
layer the system can be described using a single moire´ unit cell.
Introduction. The discovery of insulating behavior at
integer filling and superconductivity in TBG [1–5] moti-
vated a recent effort in the study of a wide class of van
der Waals heterostructures, displaying moire´ patterns on
length scales much larger than the lattice constant of
their constituent layers. The periodicity induced by the
moire´ can affect sensitively the electronic structure of the
material, giving rise to narrow, almost dispersionless, flat
bands. The kinetic quenching may favor the interactions
between the electrons, paving the way for the appearance
of strongly correlated phases.
So far, transport measurements on TBG have been
performed with the sample either encapsulated between
two hBN clapping layers, see e.g. [1, 2, 6–10], or sus-
pended on a substrate of hBN [11, 12]. The presence
of hBN breaks the in-plane two-fold rotational symme-
try (C2), gapping out the Dirac crossing of monolayer
graphene [13–25]. Placing TBG on top of hBN ac-
counts for two coexisting moire´ patterns: that induced by
the mismatch between the lattice constants of hBN and
graphene [26–30], and that induced by the relative ori-
entation between the two graphene layers of the TBG. If
the hBN is aligned with the adjacent graphene layer and
the relative twist between the two layers of graphene is
close to 1◦, then the two moires have very similar periods,
∼ 13nm, even if they are not commensurate. This sensi-
tively affects the band structure of TBG close to charge
neutrality (CN). To a first approximation, it is expected
that the breaking of inversion symmetry induced by the
hBN layer gives rise to a gap at the Dirac point of the
TBG, separating two flat conduction and valence bands,
carrying opposite Chern numbers, C = ±1 [31, 32]. This
analysis may explain the observed anomalous Hall effect
at the integer band filling, ν = 3 [8, 33, 34]. The ex-
istence of flat bands can lead to Chern insulators, with
features similar to those found in the Quantum Hall Ef-
fect [35, 36].
In the following, we assume that the twist angle, θTBG,
in the TBG is fixed to a value near a magic angle, and
study the effect of a hBN layer as function of the angle
∗ These authors contributed equally
between this layer and the neighboring graphene layer,
θhBN . The periodicities of the two moire´ patterns de-
scribed above are LTBG ≈ dG/θTBG and LG,hBN ≈
dG/
√
θ2hBN + (dhBN/dG)
2, where dG and dhBN are the
lattice constants of graphene and hBN. The overall struc-
ture resembles the arrangement in a twisted graphene
trilayer, or in twisted graphite [37–39]. The two moire´
lattices define a generically incommensurate superstruc-
ture.
Interestingly, a realistic choice of parameters allows us
to define a single moire´ unit cell for the whole system.
This possibility permits an accurate study of the elec-
tronic properties. Interaction effects are included using
the unrestricted Hartree Fock approximation [40]. We
analyze the similarities and differences with the elec-
tronic structure of TBG decoupled from the substrate,
and also with other graphitic systems which show nar-
row bands [41].
The model. A sketch of the atomic arrangement to be
considered, and of its Brillouin zone is shown in Fig. [1].
We assume, as in the continuum model for TBG [42,
43] that one side of the hexagonal Brillouin zone of the
superlattice connects the corners of the Brillouin zones
of each pair of layers, see Fig. [1](b). The positions of
the corners of the three Brillouin zones are
KG,top ≈ 4pi
3dG
(nx + θTBGny)
KG,bottom =
4pi
3dG
nx
KhBN ≈ 4pi
3dhBN
(nx − θhBNny) ≈
≈ 4pi
3dG
(
1− dhBN
dG
nx − θhBNny
)
(1)
where nx and ny are unit vectors along the x and y axes,
and we have expanded the exact expressions to lowest
order, θTBG, θhBN , dhBN/dG − 1  1. In order for the
two moires to have the same unit cell, we need the vectors
KG,top−KG,bottom and KG,top−KhBN to have the same
length, and to make an angle equal to (2pi)/3. These two
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FIG. 1. a) Sketch of the moire´ superlattice. The blue and orange points represent the carbon atoms, while the green points refer
to the substrate. b) The large hexagons represent the BZs of the constituting layers. Their folding gives rise to the mini-BZs
represented by the small black hexagons. In the inset: one side of the mini-BZ connects the corners of the BZs of each pair of
layers.
conditions imply that:
θTBG ≈
√
θ2hBN +
(
dhBN
dG
− 1
)2
,
θhBN
θTBG
=
1
2
. (2)
For a fixed value of dhBN/dG these equations are satisfied
when
θTBG ≈ 2θhBN ≈ 2√
3
(
dhBN
dG
− 1
)
. (3)
For dG = 2.46A˚, dhBN = 2.50A˚, and dhBN/dG − 1 ≈
0.017 we obtain θTBG ' 1.05◦. This number is reason-
ably close to the twist angles where TBG shows a non
trivial phase diagram. The twist of hBN, θhBN ≈ 0.52◦
is close to perfect alignment. The presence of a unique
moire´ pattern in hBN/TBG heterostructures is consis-
tent with recent scanning-tunneling-microscopy (STM)
maps [12], where, in some samples, only the moire´ pat-
tern identified by the TBG appears.
Results. We model the Hamiltonian of the TBG
within the low energy continuum model, see [42–45].
The effect of the hBN is included by means of an ef-
fective periodic potential acting on the nearest graphene
layer [30, 46]. In what follows we refer to the parametriza-
tion of such potential as given in the Ref. [47]. A detailed
description of the model is given in [48].
We first study the arrangement described by the angles
θTBG = 1.05
◦ and θhBN = 0.52◦, where a single moire´
unit cell describes the system, as shown in Fig. [1]. Note
that three different stacking configurations of the twisted
system can be identified, see [48], Figs. [S3] and [S4]. The
three stackings differ in the relative arrangement of layers
which are second nearest neighbors. As shown below, the
three geometries lead to different electronic structures.
The band structure and density of the states (DOS) per
unit cell of the hBN/TBG are shown in the Fig. [2] (black
lines), and compared to that of the TBG (red dashed
lines). Ac =
√
3L2TBG/2 is the area of the moire´ unit
cell. The presence of the substrate strongly affects the
spectrum of the TBG. The flat bands at CN of the TBG
become dispersive in the hBN/TBG stack, acquiring a
finite bandwidth of ∼ 6 − 8 meV, which is almost twice
that of the TBG. As a consequence, the peak in the DOS
of the TBG at CN is strongly smoothed and also split
in the hBN/TBG, giving rise to an insulating structure
with a small band gap, which is due to the breaking of C2
induced by the hBN layer. The effect of a self consistent
Hartree potential away from CN is shown in Fig. [3]
and [4]. The Chern numbers of these bands are shown
in [48]. It is worth mentioning that Chern numbers of
up to C = 3 are obtained. The effect of the exchange
term at the neutrality point is analysed in [48]. As in the
absence of a substrate [49, 50], the bands are significantly
distorted by the Hartree potential.
Generic values of the twist angle between hBN and
TBG cannot be described by a simple moire´ unit cell.
This is, for example, the case for perfect alignment:
θhBN = 0
◦. Because of the lack of commensuration, we
cannot define a crystal momentum. In order to study the
energy spectrum, we project the perturbation induced
by the hBN on the low energy states of the TBG and
solve a dual lattice in the reciprocal space of the TBG,
as detailed in [48]. The scheme follows closely contin-
uum models for a graphene monolayer on hBN, where
the perturbation due to the hBN layer is projected onto
the graphene Dirac cone. An infinite number of mini-
bands emerge, induced by the periodicity of the poten-
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FIG. 2. Band Structure of TBG on top of hBN in three different configurations, a) AAA, b) CAA and c) BAA stacking,
respectively. The relative twist between the two graphene layers is θTBG = 1.05
◦. The red dashed lines indicate energy bands
and DOS, respectively, of the TBG decoupled from the substrate. The bands are computed in the K valley. The valley Chern
numbers for the corresponding bands are indicated.
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FIG. 3. Self-consistent bands of AAA stacked hBN/TBG ob-
tained for a twist angle of θTBG = 1.05
◦ with a) negative
and b) positive filling fractions. The horizontal dashed lines
represent the Fermi energies.
tial due to the hBN layer. In a similar manner, the TBG
bands are replicated and coupled in our calculation. A
similar method has been recently used in the Ref. [51] for
studying the quasi-crystalline electronic spectrum of the
non-commensurate 30◦-TBG.
The quasi-band structures, obtained by varying the
momentum k in the BZ of the TBG, and the DOS are
shown in the Fig. [5] for different orientations between
the hBN and graphene, and θTBG = 1.05
◦. The black
and red hexagons show the two different BZs of the TBG
and of the hBN/G, respectively. The red lines refer to the
band structure and the DOS of the unperturbed TBG,
that also includes the long-wavelength staggered poten-
tial induced by the hBN, weakly breaking the C2 sym-
metry of graphene (see [48]). As is evident, the hBN
strongly affects the spectrum close to CN at small an-
gles, θhBN < 1
◦, where the moire´ identified by the TBG
and that identified by the substrate of hBN have similar
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FIG. 4. DOS for each of the results shown in Fig. 3 for a
filling a) ν < 0 and b) ν > 0, color coded as in those figures.
The vertical dashed lines represent the Fermi energy for each
case.
periods. In contrast to the narrow bands of the TBG, the
hBN/TBG exhibits a broad structure, with a bandwidth
of approximatively 30meV, which can even overlap with
the higher energy bands. This is for example the case of
θhBN = 0.52
◦, Fig. [5](b), which is close to commensu-
ration. In addition, the band broadening at CN lowers
the DOS of the hBN/TBG as compared to the sharp van
Hove singularity of the TBG, that has been cut out of
the energy scale in the central panels of Fig. [5]. In
general, the high energy spectrum is barely affected by
4the hBN. Upon increasing θhBN , the bandwidth at CN
gradually shrinks, while the DOS gains intensity and the
central bands further separate from the rest of the spec-
trum. At θhBN = 2
◦ the effect of the hBN is almost
completely negligible and we recover the narrow band
feature of the TBG, except for a constant gap. Even
though we are using a small value of the staggered poten-
tial, ∆ = 3.62meV, as given by the Ref. [47], we checked
that our results remain valid in a wide range of values of
∆. The details are shown in [48], where we report the
case of ∆ = 40meV.
Conclusions. We have analyzed the effect of a nearly
aligned hBN substrate on the low energy bands of a
twisted graphene bilayer. We find that at large enough
angles between the TBG and the next hBN layer, θhBN &
2◦, the TBG is effectively decoupled from the substrate.
Only those effects which do not average to zero over the
hBN/G moire´ unit cell, such as a finite gap due to the
lack of inversion symmetry, survive.
On the other hand, perturbations of zero average over
the unit cell change significantly the electronic structure.
The narrow peak in the DOS associated to the narrow
bands of the TBG broadens appreciably. The van Hove
singularities are smoothed out, and the width of the peak
near the Dirac energy increases from W ∼ 5−10 meV for
a decoupled TBG to W & 20−30 meV for a well aligned
hBN/TBG stack. This peak overlaps with higher energy
bands. In addition, the gap expected from the lack of
inversion symmetry becomes filled with states which arise
from the non uniform part of the perturbation due to the
substrate.
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1Supplementary information for
Band structure of twisted bilayer graphene on hexagonal boron nitride
I. GEOMETRY OF THE SUPERLATTICE
We consider the heterostructure obtained by placing the TBG on top of a substrate with an hexagonal atomic
structure and lattice constant ds. Let dG,1 = dG (1, 0), dG,2 = dG
(
1/2,
√
3/2
)
be the primitive vectors of the Bravais
lattice of the two unrotated layers of graphene, with dG = 2.46A˚, and ds,1 = ds (1, 0), ds,2 = ds
(
1/2,
√
3/2
)
those of
the substrate. We assume that at the origin, O = (0, 0), the atomic positions of the three Bravais lattices coincide.
Then, given i, l integer numbers, we consider the atomic positions:
Cb = (−i− 1)dG,1 + (2i+ 1)dG,2 = dG
(
−1/2, (2i+ 1)
√
3/2
)
, (S1a)
of the bottom graphene layer,
Ct = −idG,1 + (2i+ 1)dG,2 = dG
(
1/2, (2i+ 1)
√
3/2
)
, (S1b)
of the top graphene layer, and
S = −lds,1 + 2lds,2 = ds
(
0, l
√
3
)
, (S1c)
of the substrate. A sketch of the aligned Bravais lattices, with the atomic positions Cb, Ct and S, is shown in Fig.
S1, where we set: i = l = 3, for the sake of simplicity. The moire´ superlattice of the TBG is obtained by rotating
the bottom graphene layer by −θ/2 around O, and the top graphene layer by +θ/2, where θ = cos−1
(
3i2+3i+1/2
3i2+3i+1
)
.
This rotation moves the atoms Cb and Ct to the same position, lying on the vertical axis. The period of the moire´ is:
L = dG
√
3i2 + 3i+ 1 = dG2 sin(θ/2) , where L =
∣∣∣−−→OCb∣∣∣ = ∣∣∣−−→OCt∣∣∣. Keeping the substrate fixed with respect to the aligned
configuration, the moire´ superlattice of the TBG is preserved by the presence of the substrate if:∣∣∣−→OS∣∣∣ = L ⇔ ds = dG√3i2 + 3i+ 1√
3l
. (S2)
This condition indeed implies that the rotation of the two graphene layers moves the atoms Cb and Ct to the position
occupied by S.
The rhs of the Eq. (S2) expresses ds as a function of two integer numbers, i and l, setting a sufficient condition
for the moire´ of the TBG to persist in the presence of the substrate. The relative twist between the substrate and
each of the two graphene layers is: θs = θ/2. In particular, for i = l = 31, the Eq. (S2) gives: ds ' 2.50A˚, which is
actually the value of the lattice constant of hBN. The corresponding angle is: θ ' 1.05◦, with L ' 13.4nm.
II. THE CONTINUUM MODEL OF THE TBG
We describe the TBG within the low energy continuum model considered in Refs.[42–45], which is meaningful
for sufficiently small angles, so that an approximatively commensurate structure can be defined for any twist. The
moire´ mini-BZ, resulting from the folding of the two BZs of each monolayer (see Fig.S2(a)), is generated by the two
reciprocal lattice vectors:
G1 = 2pi(1/
√
3, 1)/L and G2 = 4pi(−1/
√
3, 0)/L, (S3)
shown in green in Fig. S2(b).
For small angles of rotation the coupling between different valleys of the two monolayers can be safely neglected, as
the interlayer hopping has a long wavelength modulation. In what follows we describe the model for the behavior of
the two K-valleys of the twisted monolayers, where K = 4pi(1, 0)/(3dG) is the Dirac point of the unrotated monolayer
graphene. The case corresponding to the opposite valleys, at K ′ = −K, directly follows from time reversal symmetry,
by inverting: k→ −k.
The Hamiltonian of the TBG is a 4 × 4 matrix, with entries: (Ab, Bb, At, Bt), where A,B denote the sub-lattice
and b, t refer to the bottom and top layer, respectively. Without loss of generality, we assume that in the aligned
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FIG. S1. Sketch of the aligned Bravais lattices of graphene (red points) and the substrate (black points). θ is the angle
identifying the TBG. Keeping the substrate fixed with respect to the aligned configuration and rotating the bottom (top)
graphene layer by −θ/2(+θ/2) around O, moves the atoms Cb and Ct to the position occupied by S, preserving the moire´
superlattice of the TBG.
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FIG. S2. (a) Folding of the BZs of the twisted graphene monolayers. The BZ of the bottom layer (red hexagon) is rotated
by −θ/2, while that of the top layer (blue hexagon) by θ/2. The small black hexagons represent the mini-BZs forming the
reciprocal moire´ lattice. In the inset: Kb,t are the Dirac points of the twisted monolayers, which identify the corners of the
mini-BZ. (b) mini-BZ. G1 and G2 are the two basis vectors of the reciprocal lattice. The blue line shows the high symmetry
path in the mini-BZ used to compute the bands shown in the main text.
3configuration, at θ = 0, the two layers are AA-stacked. In the continuum limit, the effective Hamiltonian of the TBG
can be generally written as[42–45]:
HTBG =
(
Hb U(r)
U†(r) Ht
)
, (S4)
where:
Hl = ~vF (−i∇−Kl) · τθl (S5)
is the Dirac Hamiltonian for the layer l = b, t, vF =
√
3tdG/(2~) is the Fermi velocity, t is the hopping amplitude
between localized pz orbitals at nearest neighbors carbon atoms, θb,t = ∓θ/2, τθl = eiτzθl/2 (τx, τy) e−iτzθl/2, τi are the
Pauli matrices, and Kl = 4pi (cos θl, sin θl) /(3dG) are the Dirac points of the two twisted monolayers, which identify
the corners of the mini-BZ shown in Fig. S2. U(r) is the interlayer potential, which is a periodic function in the moire´
unit cell. In the limit of small angles, its leading harmonic expansion is determined by only three reciprocal lattice
vectors[42]: U(r) = U(0) +U (−G1) e−iG1·r +U (−G1 −G2) e−i(G1+G2)·r, where the amplitudes U (G) are given by:
U(0) =
(
g1 g2
g2 g1
)
, U (−G1) =
(
g1 g2e
−2ipi/3
g2e
2ipi/3 g1
)
, U (−G1 −G2) =
(
g1 g2e
2ipi/3
g2e
−2ipi/3 g1
)
. (S6)
In the following we adopt the parametrization of the TBG given in the Ref.[45]: ~vF /dG = 2.1354eV, g1 = 0.0797eV
and g2 = 0.0975eV. The difference between g1 and g2, as described in[45], accounts for the inhomogeneous interlayer
distance, which is minimum in the AB/BA regions and maximum in the AA ones, or it can be seen as a model of a
more complete treatment of lattice relaxation[52]. The Hamiltonian of Eq. (S4) then hybridizes states of the bottom
layer with momentum k close to the Dirac point with the states of the top layer with momenta: k,k+G1,k+G1+G2.
The Hamiltonian of the Eq. (S4) is diagonalized by Bloch eigenfunctions satisfying periodic boundary conditions
in a region of space, Ω, containing a large number of moire´ unit cells:
|m,k〉 = 1√
Ω
∫
Ω
d2r
∑
Ga
φm,k,a (G) e
i(k+G)·r |r, a〉 , (S7)
where m is the band index, k is the momentum in the mini-BZ, G = n1G1 + n2G2 are reciprocal lattice vectors,
with n1, n2 integers, a is the sub-lattice/layer index and φm,k,a (G) are numerical eigenvectors. Upon varying k, the
eigenvalue Em(k) corresponding to |m,k〉 defines the m-th Bloch band.
Note that the φ’s can be chosen within a gauge degree of freedom. Given the gauge U , the mapping between
equivalent points of the reciprocal space is defined according to:
φm,k+G0,a (G) =
∑
n
Umn,k (G0)φn,k,a (G+G0) , (S8a)
where Uk (G0)U†k (G0) = 1. The Eq. (S8a) in turn implies:
|m,k +G0〉 =
∑
n
Umn,k (G0) |n,k〉 . (S8b)
In particular, Uk (G0) = 1 for a periodic gauge.
In the numerical calculations, the number of Fourier components defining the eigenfunctions |m,k〉 is bounded by
a cutoff: |G| < Gc, where Gc is chosen in order to achieve the convergence of the low energy bands.
III. THE CONTINUUM MODEL OF THE COMMENSURATE HETEROSTRUCTURES: hBN/TBG
AND hBN/TBG/hBN
The commensurate heterostructure hBN/TBG accounts for three possible non-equivalent configurations of the
moire´ unit cell, as shown in Fig. S3, where the green, light blue and red hexagons refer to the hBN, bottom and top
graphene layer, respectively, and C denotes the center of the hexagon. Each configuration is determined uniquely by
the local stacking between the hBN and the TBG in the center of the cell: AAA, BAA and CAA. Consequently,
there are nine possible stacking arrangements, three for each configuration. They are shown schematically in Fig. S4,
where the black points represent the carbon atoms, the points at the right (left) edges of the horizontal lines represent
atoms of type A (B), and we assume that the sub-lattice A of the hBN is occupied by nitrogen atoms, without loss
of generality. The case of the heterostructure hBN/TBG/hBN is more complex, accounting for nine non-equivalent
configurations, which are determined by the local stacking between the bottom and top hBN and the TBG in the
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FIG. S3. Non-equivalent configurations of the moire´ unit cell. Green, light blue and red hexagons refer to the hBN, bottom
and top grahene layer, respectively, and C denotes the center of the hexagon.
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BAA ABA AAB
CAA BBA BAB
N
B
FIG. S4. Schematic representation of the nine stacking arrangements appearing in the configurations of the Fig. S3. The
black points represent the carbon atoms. The points at the right (left) edges of the horizontal lines represent atoms of type A
(B). We are assuming that the sub-lattice A of the hBN is occupied by nitrogen atoms.
5center of the cell. We describe the effect of hBN on the nearest graphene layer by means of an effective potential,
periodic in the moire´ unit cell [46]:
V αSL (r) = w
α
0 τ0 + ∆
ατz +
5∑
j=0
vαSL(Gj)e
iGj ·r, (S9)
where α = A,B,C labels the three configurations of the Fig. S3(a),(b),(c), respectively, wα0 and ∆
α represent a
spatially uniform scalar and mass term (note that hBN breaks inversion symmetry, and allows for a mass term [13]),
Gj =
4pi√
3L
(
cos pi(j+1)3 , sin
pi(j+1)
3
)
identify the first star of reciprocal lattice vectors and we assume that the modulation
of V αSL at smaller wavelengths is negligible. The amplitudes v
α
SL(Gj) are given by:
vαSL(Gj) =
[
V e,αs + i(−1)jV o,αs
]
τ0 +
[
V o,α∆ + i(−1)jV e,α∆
]
τz +
[
V o,αg + i(−1)jV e,αg
]
Mj , (S10)
where Mj =
(
iGxj τy − iGyj τx
)
/ |Gj |. The parameters V e,αs and V o,αs are position-dependent scalar terms and are even
and odd under spatial inversion, respectively. Similarly, V
o(e),α
∆ and V
o(e),α
g are position-dependent mass and gauge
terms, respectively. We use the parametrization of V αSL given by the Ref. [47]. In particular, the set of parameters for
the configuration: α = A, is:(
wA0 ,∆
A, V e,As , V
o,A
s , V
e,A
∆ , V
o,A
∆ , V
e,A
g , V
o,A
g
)
= (0, 3.62,−1.874, 6.775, 0.017,−6.849, 3.609,−12.43) meV. (S11)
The configurations: α = B,C, are related to α = A by a rotation of ±2pi/3 in the parameters space, as detailed in
Ref. [47].
The continuum Hamiltonians of the hBN/TBG and of the hBN/TBG/hBN are given by:
HαhBN/TBG =
(
Hb + V
α
SL(r) U(r)
U†(r) Ht
)
, (S12a)
HαβhBN/TBG/hBN =
(
Hb + V
α
SL(r) U(r)
U†(r) Ht + V
β
SL(−r)
)
, (S12b)
respectively.
IV. TOPOLOGICAL PHASES INDUCED BY THE HARTREE POTENTIAL
In this section, we address the topological phases of the bands for the three possible non-equivalent configurations,
where the breaking of either time reversal or inversion symmetry in the single valley model in Eq. S12 allows for a
finite Berry curvature
Ωk,l = 2 Im 〈∂kxψk,l|∂kyψk,l〉 , (S13)
where l is a band index with energy El (k) and wavefunctions ψk,l. Notice that due to time–reversal symmetry, the
Berry curvature in each graphene valley has opposite sign and hence the total Chern number is zero. However, by
assuming an absence of intervalley scattering, the topological invariants can be defined separately [53, 54]. For the
different stacking configurations, the bands are isolated and their Berry curvature is well defined. Therefore, we can
assign a valley Chern number Cl to the band l which is given by the integral of the Berry curvature about the moire´
Brillouin zone:
Cl = 1
2pi
∫
mBZ
d2kΩk,l. (S14)
We use the algorithm in Ref. [55] to compute the Berry curvature and valley Chern number. The presence of an
hBN substrate gives rise to an insulating structure with a small band gap, which is due to the breaking of inversion
symmetry due to the hBN layer. As is shown in Fig. 2 in the main text, the resulting isolated conduction and valence
bands in each valley and in each stack configuration carry Chern numbers C = ±1, in agreement with Ref. [31, 32].
However, similar to other graphene heterostructures [41] and consistent with experimental observations [6, 33], we
find different topological phases induced by interaction effects. This is summarized in Table. I where we display the
Chern number as a function of the filling of the conduction band, for the different stack configurations.
6AAA CAA BAA
ν Cb Ct Cb Ct Cb Ct
−4 2 −2 −2 3 −2 2
−3 2 −2 1 0 −2 2
−2 2 −2 1 0 1 −1
−1 −1 1 1 0 1 −1
0 −1 1 1 −1 1 −1
1 −1 1 1 −1 1 −1
2 −1 1 1 −1 1 −1
3 −1 1 1 −1 1 −1
4 −1 1 1 −1 1 −1
TABLE I. Valley Chern number as a function of the filling of the conduction band for the different stack configurations. Cb
and Ct are the Chern numbers of the bottom and top narrow bands of Fig. 2 in the main text.
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FIG. S5. Band structure and DOS of the commensurate heterostructure hBN/TBG, obtained within the full Hartree-Fock
approximation, for different fillings of the conduction band, ν.
V. HARTREE-FOCK BAND STRUCTURE OF THE COMMENSURATE HBN/TBG
Using the formalism detailed in[40], we performed a fully Hartree-Fock calculation of the band structure of the
commensurate hBN/TBG heterostructure, in the stacking configuration α = A. The results are shown in the Fig. S5
for different fillings of the conduction band, ν. As it is evident, the spectra display pinning of the Fermi level, EF ,
at the van Hove singularity at finite filling and are quite similar to the ones shown in the main text, which include
only the Hartree potential. Consequently, we argue that the Fock contribution is negligible for this kind of system, in
contrast to the case of freely standing TBG, where the Fock terms have been shown to change considerably the band
structure and to open spectral gaps at integer filings[40, 56, 57].
7VI. THE CASE OF NON-COMMENSURATE HETEROSTRUCTURES OF hBN/TBG
Here we focus on the general case in which the moire´ pattern identified by the hBN and its nearest graphene layer
and that of the TBG are not commensurate, making the system non-periodic. This happens, for example, when the
hBN is perfectly aligned with its nearest graphene layer.
We compute the quasi-band structure and the DOS, shown in the Fig. 5 of the main text, by projecting the
perturbation induced by the hBN on the low energy eigenstates of the TBG.
Let us write the local potential induced by the hBN on the nearest graphene layer as:
VSL(r) = V0 + δVSL(r), (S15)
where V0 = w0τ0 + ∆τz is the uniform contribution, while
δVSL(r) =
5∑
j=0
vSL
(
G˜j
)
eiG˜j ·r
is the contribution at finite wavelengths. In the following we choose the parametrization of VSL given by the Eq.
(S11), which corresponds to set the origin in a region of AAA stacking. The G˜j are reciprocal vectors of the moire´
superlattice identified by the hBN/G, as given by:
G˜0 = R (−θ/2)
[
1− (1 + δ)−1R (θhBN )
](0
1
)
× 4pi√
3dG
, G˜j = R (pij/3) G˜0, (S16)
where R is the rotation matrix in two dimensions and δ = dhBN/dG− 1 ' 0.017 is the lattice mismatch between hBN
and graphene. The overall rotation of −θ/2 in the lhs of the Eq. (S16) takes into account the absolute orientation of
the bottom graphene layer of the TBG, which we are assuming to be the closest one to the hBN. Note that G˜j 6= G
for any reciprocal vector of the moire´ superlattice of the TBG, G, as long as the two moires are not commensurate.
Consequently, the full Hamiltonian including both HTBG and VSL cannot be diagonalized by any Bloch wave.
We proceed by first diagonalizing the Hamiltonian HTBG in the presence of the uniform term, V0, which does not
modify the periodicity of the TBG. The resulting eigenfunctions are Bloch waves, |m,k〉, as expressed by the Eq.
(S7). The Hamiltonian of the hBN/TBG can be generally written in this basis as:
HhBN/TBG =
∑
mk
Em(k) |m,k〉 〈m,k|+
∑
mk
∑
nk′
|m,k〉 tmn (k,k′) 〈n,k′| , (S17)
where k,k′ run in the first BZ of the TBG and tmn (k,k′) are the matrix elements of δVSL, given by:
tmn (k,k
′) ≡ 〈m,k| δVSL |n,k′〉 =
∑
GG′
5∑
j=0
∑
ab
φ∗m,k,a (G) v
ab
SL
(
G˜j
)
φn,k′,b (G
′) δk′+G′,k+G−G˜j , (S18)
where the sum over a, b is restricted to the sub-lattice indices of the graphene layer closest to the hBN. Given k,G
and j, it exists only one reciprocal lattice vector of the TBG, G0, such that the vector: k+G− G˜j −G0 belongs to
the first BZ. Then we can write:∑
nk′G′
φn,k′,b (G
′) δk′+G′,k+G−G˜j 〈n,k′| =
∑
n
φn,k−G˜j+G−G0,b (G0) 〈n,k − G˜j +G−G0| =
=
∑
nn′n′′
Unn′,k−G˜j (G−G0)U∗nn′′,k−G˜j (G−G0)φn′,k−G˜j ,b (G) 〈n
′′,k − G˜j | =
=
∑
n
φn,k−G˜j ,b (G) 〈n,k − G˜j | , (S19)
where we used the Eq.s (S8). Thus, the Eq. (S17) finally becomes:
HhBN/TBG =
∑
mnk
δmnEm(k) |m,k〉 〈m,k|+ 5∑
j=0
|m,k〉 tmn
(
k,k − G˜j
)
〈n,k − G˜j |
 , (S20)
which defines a dual tight binding multi-orbital model in the reciprocal space, where the k points act as sites, Em(k)
are the onsite energies and only the overlaps between nearest neighbor sites in the triangular lattice are allowed. The
corresponding hopping integrals are:
tmn
(
k,k − G˜j
)
=
∑
G
∑
ab
φ∗m,k,a (G) v
ab
SL
(
G˜j
)
φn,k−G˜j ,b (G) . (S21)
8(a)
k
(b)
k
FIG. S6. (a) Schematic representation of the dual tight binding model for θhBN = 0
◦. For each k we consider 19 sites (blue
points), including k itself, and 42 overlaps (blue lines). The black hexagons represent the equivalent BZs of the TBG. (b)
Projection of the overlaps in the first BZ of the TBG.
Because the two moires are not commensurate, the above overlaps span ergodically the BZ of the TBG. Note that this
dual tight binding framework is similar to that considered in the Ref.[51] for studying the quasi-crystalline electronic
structure of the 30◦-TBG.
In our calculations, for each k we consider the reduced dual model obtained by including only the 19 sites lying in
the first two stars of G˜ vectors surrounding k, accounting for 42 overlaps. This is schematically shown in the Fig.
S6(a), where the blue points represent the sites, the blue lines the overlaps between them, the black hexagons are
the equivalent BZs of the TBG and θhBN = 0
◦. The Fig. S6(b) shows the projection of the overlaps in the first BZ
of the TBG. Note that, in the commensurate case, all the neighboring sites would collapse into the same point, k,
upon projection. We checked that this approximation is sufficient to achieve the convergence of the DOS. Within
this framework, the spectrum at the wave vector k is obtained by diagonalizing a matrix of size (19Nb) × (19Nb),
where Nb is the number of bands of the TBG taken into account in the projected Hamiltonian of the Eq. (S20). We
consider the Nb = 14 bands closest to the CN point. The multiple sets of bands shown in the left panels of the Fig. 5
of the main text arise from the diagonalization of the dual tight binding model of the Eq. (S20). Including more dual
sites, there would appear many additional bands which, however, would be just replicas of the ones already shown,
but shifted by a different origin in the BZ. As a consequence, they would not change appreciably the DOS and the
other physical quantities, as discussed in the Ref.[51].
The parametrization of the hBN induced potential given by the Ref.[47], Eq. (S11), accounts for a small value of the
staggered potential: ∆ = 3.62meV. This is the reason why the unperturbed band structure, obtained by neglecting
δVSL(r) and shown by the red lines in the Fig. 5 of the main text, is almost gapless at CN and strongly resembles
that of the freely standing TBG. To check the robustness of our findings against larger values of ∆, we computed the
spectrum of the non-commensurate hBN/TBG for ∆ = 40meV. The results are shown in the Fig. S7, for the same
values of θhBN considered in the main text. The red lines refer to the unperturbed spectrum, which indeed displays
a sizeable gap at CN. As is evident, for small angles the perturbed spectrum remains gapless, in very good agreement
with the Figs. 5(a)-(b) of the main text. This means that the finite wavelengths term, δVSL(r), gives the leading
contribution, rather than ∆. This contribution becomes however negligible upon increasing θhBN , and we recover the
spectral gap already for θhBN & 1◦.
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FIG. S7. Quasi-band structure and DOS of the non-commensurate hBN/TBG, obtained for ∆ = 40meV. The black and red
hexagons show the two different BZs of the TBG and of the hBN/G, respectively. The red lines refer to the band structure
and the DOS of the unperturbed TBG.
